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The paper is concerned with the combinatorial and statistical problems arising in the theoretical
analysis of linkage in polysomic inheritance. The second section gives a method of enumerating the
heterogenic genotypes capable of being composed with given numbers of genes. In the third
section these are classified in isomorphic sets, which correspond with the partitions in two or more
dimensions of the numbers 4 and 6, The members of an isomorphic set can be generated by syste-
matic gene substitution from any member of the set, and in consequence yield populations of
gametes with equivalent frequencies.

An aspect of the subject which has escaped attention is the multiplicity of the modes of gamete
formation. Their enumeration is discussed in §4, and leads to the specification in §5 of the gametic
matrices for the 16 sets or pairs of isomorphic sets arising in tetrasomics with two linked loci. In
most cases the rank of the matrix is less than 11, so that the gametic series from the genotype con-
cerned is deficient in respect of some of the information sought. Different sets of genotypes may
be used to supplement one another’s information. The final section discusses in outline the statis-
tical problem of estimating the frequencies of modes of gamete formation from observed gametic
series.

1. PARAMETERS SPECIFYING THE FREQUENCIES OF MODES OF GAMETOGENESIS

The genetic constitution of an organism, derived from the fusion of two gametes, is specified -
by the genetic constitutions of the two constituent gametes. The laws of inheritance obtained
by genetic studies are the rules whereby, given the constitution of an organism, the kinds of
gametes it can produce, and their relative frequencies, can be predicted. As conceived by
Mendel, no parameters entered into these rules; all possible combinations of elements
drawn from the homologous pairs supplied by the parents were thought to appear in the
gametes with equal frequency.

The discovery of the rules of gamete formation in cases of linkage in the early investigations
with Drosophila melanogaster first altered this situation by showing that the gametic output
from an organism doubly heterozygous for two linked factors could only be predicted in
terms of the appropriate recombination fraction. Two modes of gametogenesis are con-
ceived, one resulting in a gamete in which both of the two genes considered were derived
from the same parent, whereas in the other they were derived from different parents.
The latter is very generally the less frequent, and the proportion its frequency bears to
the whole is known as the recombination fraction. It is often called the cross-over value
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56 R. A. FISHER ON THE THEORY

(or c.0.v.), a term which is inaccurate save for close linkage, since crossing-over, involving
the interchange of germinal material, may occur in the intervening segment, without the
recombination of the two genes specified.

With three linked genes, four modes of gamete formation are distinguishable, since
recombination may have taken place in the first segment, in the second, in both, or in neither.
There are thus three parameters to be determined empirically. With / linked genes, the
number of distinguishable modes of gametogenesis becomes 271, and the number of para-
meters necessary to specify the gametic output is 2-1—1. It is to be presumed that these
may be expressible, at least approximately, in terms of the genetical lengths, or of the
recombination fractions of the /—1 segments, but it should be emphasized that no satis-
factory way of doing this has been put forward. Following early work by Haldane (1919),
Kosambi (1944) has recently proposed that the relationship between the recombination
fraction, y, and the map distance, x, may be approximately of the form

2y = tanh (2x),
so that the recombination fraction corresponding with the sum of two segments, having
recombination fractions y, and y,, would be

Yiro = Y1+¥s
2 144y,
The frequencies of the four gametic types produced by a triple heterozygote could then
be expressed in terms of y; and y, only:

first segment

old combination new combination
1d L=y =9+ 20195(2—y,—92)  ¥1+2y,195(y1~5) (I=y,) (1+4y,y,)
~cond t{o Yi—Y2t 2919, 1792 1 1Y2¥1— Y2 2 192
SCoNC SEEMCNT Y new Yo —2Y1Y5(y1 —Y») < 2y,95(y, ) Yo(1+4y,9,)
(1—y) (1+4y,9,) n+dyy) | 1+4y,y,

Where tests are possible the formula is evidently sufficiently nearly correct to represent
a step in the right direction. It does not, however, offer a complete theory of gamete for-
mation for linked factors, since with four factors or more the frequencies of the different
gametic types cannot by its means be specified in terms of single parameters for the different
segments. With four loci, for example, it yields the recombination fractions between all
six pairs, whereas seven relationships are needed among the eight frequencies of distinguish-
able modes of gametogenesis. A formally complete specification would express the series

of frequencies Dos D15 Das D3 -

of a segment in a gamete having experienced 0,1, 2, ... breaks in the preceding meiosis,
all in terms of a single parameter, in terms of which, therefore, the recombination fraction

y=p+ps+ps+-
and the map distance X =p;+2p,+3p3+...,

could likewise be expressed.
A second extension of Mendel’s ideas has come with the discovery of polysomic inheritance,
in which organisms containing sets of four or six homologous loci are reproduced normally*

* T am not concerned in this paper with the abnormal gamete formation often observed in artificial polyploids.
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OF LINKAGE IN POLYSOMIC INHERITANCE 57

by means of diploid or triploid gametes. This possibility greatly increases the number of
genotypes which can be generated from one or a few gene substitutions. For, whereas with
diploids one is concerned only with the partitions of 2,

(2) homozygous, (12) heterozygous,

with tetraploids, variation at a single locus will yield organisms of types corresponding with
the partitions of 4, namely,

(4) homogenic, (212) trigenic,
(31) digenic, simplex or triplex, (1%) tetragenic.
(22) digenic, duplex,

The terms simplex, duplex and triplex, indicating the number of dominant genes, are
insufficient even with tetraploids to express the full classification by partitions, and this is
still more so with the eleven partitions of 6 which represent the possible types of hexaploids.
It is the distinction afforded by the partitions, which are themselves invariant for gene
substitutions, which is needed for developing the laws of gametic output.

For a single locus, these laws, as has been shown by Fisher & Mather (1943), may be
developed very simply from the consideration that in tetraploids and hexaploids only two
modes of gamete formation are distinguishable. The two genes in the gamete may either
be derived from different chromosomes of the zygote, or more rarely may be identical and
originate from the same chromosome. The frequency of the latter event may be taken to be
independent of the gene content of the locus in question, and has been designated by the
letter «. Similarly, with hexaploids there might be representatives from three different
chromosomes, or from two only, one having a double representation; the frequency of this
latter event may be designated by f. It would, generally at least, be impossible for all three
representatives to have been derived from a single chromosome, since in meiosis each gene
is only duplicated. With hexaploids therefore only gametes of the modes of origin (13) and
(21) are expected, while with octaploids the modes of origin (1%), (212) and (22) are all
possible.

Introducing only one parameter representing the frequency distribution of the two modes
of gamete formation, the gametic output of the four heterogenic types of autotetraploids

are as follows:
digenic types
partitional representative

type of genetic gamete
parent formula aa Aa AA divisor
- (31) Aa, 2+a 2—-2a a =4
(22) A,a, 142a 4 -4 1+42x )
trigenic type
gamete
aa Aa Aa A4 444X divisor
(212) AA'a, 2+4a 4—4o 4—4a 3o 2—2a 3o +12
’ tetragenic type
4 homogenic 6 heterogenic
types of gametes types of gametes divisor
(1%) "~ AA'ad - 3a 2—20 +12

78-2
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58 R. A. FISHER ON THE THEORY

Similarly, the gametlc output of the ten heterogenic types of hexasomlc organisms can
be expressed in terms of only a single parameter:

digenic types

gamete
parent a,3 a, 4 a4, 4 3 divisor
(61)  Aay 3+4 3-28 Yt . +~ 6
(42)  A,a, 3438 9-58 3+p B =15
(3%)  Aja, 1+38 9-34 934 1+346 ‘ +20
trigenic types
gametes
parent ay,  Aa, A'ay, A  AA'a  Aya A, A,A°  AA, A, divisor
(412)  Ad'a, 6+68 9-—-50 9—58 4p 6—-65 4p . i L. +30
(321) Adja, 3+98 9-36 18—64 68 18—188 9+35 . 48 3+p 45 +60
(2%) A,45a, 28 3+p 3+4  34+p 12-128 3+ 28 34+p 3+pF 28 +30

With four genes there will be twenty types of gamete possible, for five genes thirty-five
and for six genes fifty-six. These are listed as follows:

tetragenic types pentagenic type . hexagenic type
ioartition (31%) partition (2%12) partition (21%) partition (16)

formula 44’4"a, formula 44’a,a; formula 44’4"4"a, formula 44'A"aa’a”
type of number fre- |typeof number  fre- type of number fre- |typeof number  fre-
gamete of kinds quency |gamete of kinds quency | gamete of kinds quency |[gamete of kinds quency
a, lkind 3494 | a, 2 kinds 44 | ag 1 kind 4f8 | aya’ 30 kinds 28
Aa, 3kinds 9-38 | apa’ 2kinds 6+28 | Ada, 4 kinds 3+/f | ad'a” 20kinds 3-3p
Aya 3 kinds 68 | Aa, 4kinds 3+p | 4ya 4 kinds 48 60
Ad’a 3kinds 9-98 | 4,a 4 kinds 48 | AA’a 6 kinds 6—6p
4,4’ 6 kinds 28 | Aaa’ 2 kinds 12—-12p A,A" 12 kinds 24
AA’A” 1kind 3-38 | Ad’a 2kinds 6—6F | A4’A" 4kinds 3-3p

60 AzAl 2 kinds 2ﬁ_ 60
60

Although in the two instances in which Mendel’s purely combinatorial scheme of in-
heritance has been modified by the introduction of parameters, which must be determined
empirically, and which may be influenced by external circumstances such as temperature,
and by genetic constitution, as by sex, yet there is no reason to suspect, save in quite extra-
ordinary cases, that the frequencies of different modes of gametogenesis will be influenced
by the gene content of the particular loci being studied. The combinatorial character of
Mendel’s law is maintained in the generalization that: The gametic frequencies are invariant
in respect of any gene substitution applied systematically to the genic content of an organism and of the
gametes it produces. With but few exceptions, moreover, though this is not universal, the genetic
specification of the zygote takes no account of which half of its content was derived from
either parent. On these two principles a rational approach can be made to the theoretical
analysis of linkage in polysomic inheritance.

2. THE ENUMERATION OF SEGREGATING GENOTYPES

In disomic inheritance the number of different genotypes segregating for each of / linked
factors, or heterogenic at each of / linked loci, is 27!, and is equal to the number of dis-
tinguishable modes of gamete formation. In polysomic inheritance this equivalence no
longer subsists. The number of genotypes in many cases is very large, and presents a
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OF LINKAGE IN POLYSOMIC INHERITANCE 59

problem of enumeration. Moreover, whereas with disomic inheritance all the genotypes
heterogenic at the same loci are isomorphic in the sense that they yield gametic series with
the same frequencies, the series for any one genotype being derivable from that of any other
by a mere permutation of the gene symbols in parent and gametes, the different genotypes
of polysomic organisms fall into a number of classes, only members of the same class being
isomorphic in their gametic output.

Ifthere is a choice of p different genes at one locus and of o at a second on the same chromo-
some, the chromosome can be made up in po ways; if there is a choice of 7 genes at a third
locus, the number of combinations possible will be po7, and so on. If a chromosome can be
made up in 7 ways, the number of selections of four such chromosomes possible will be

le-n(n—kl) (n+2) (n+3);

the number of selections of six will likewise be

1) (n42) (143) (n+-4) (1+-5).

Hence, giving p and o the values of 1, 2, 3 and 4, the numbers of genotypes for tetrasomic
organisms, classified in respect of two loci, will be the values in table 1, in which # is given
the values of a multiplication table up to 4 x 4.

TABLE 1. (po+3)!/(po—1)! 4!

. p
1 2 3 4
1 1 5 15 35
- 2 5 © 35 126 330
3 15 126 495 1365
4 35 - 330 1365 3876

These are the total numbers of genotypes containing p or fewer different genes at one
locus, and ¢ or fewer genes at the second. To find the numbers having exactly r and s genes
respectively, one must take the rth advancing difference for columns, and the sth advancing
difference for rows, from p = 0, ¢ = 0 respectively, i.e.

1
A A5 ipo(po+1) (pr+2) (po+3)  (p=0, 0=0),

giving the derived table 2. All differences beyond the fourth must vanish, since a tetrasomic
organism cannot accommodate more than four allelomorphs of the same factor. Geno-
types heterogenic at both loci are shown in the three last rows and columns. There are of
these 266 genotypes in all. Before classifying these into sets of isomorphic genotypes, the
results of applying the same method of enumeration to other cases may be given.

TaBLE 2
| r
1 2 3 4
1 1 3 3 1
s 2 3 19 30 14
3 3 30 63 36
4 1 14 36 24
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60 R. A. FISHER ON THE THEORY
For two linked loci of a hexasomic organism the value of
(n+5)!
6!(n—1)!
is required, when n=po,

and p and ¢ take values from 1 to 6. These are given in table 3, upon which, operating with
Arnds (p=0,0=0),
when r and s take values from 1 to 6, one finds the results given in table 4, and of these

37,214 are heterogenic at both loci.

TaBLE 3. (po+5)!/(ps—1)! 6!

1 7 28 84 210 462
7 84 462 1,716 5,005 12,376
28 462 3,003 12,376 38,760 100,947
84 1,716 12,376 54,264 177,100 475,020
210 5,005 38,760 177,100 593,775 1,623,160
462 12,376 100,947 475,020 1,623,160 4,496,388
TABLE 4

1 5 10 10 5 1

5 60 211 324 230 62

10 211 1038 2022 1725 540

10 324 2022 4648 4500 1560

5 230 1725 4500 4800 1800

1 62 540 1560 1800 720

With three linked loci in a tetrasomic organism, in addition to the values of table 2,
which may be thought of as generated by the operator

A7 As.A

pToTT

(por+3)!

actmg on m )

table 5 shows the result when ¢ = 2, table 6 when ¢ = 3 and table 7 when ¢ = 4. These tables
-give the numbers of genotypes for all classes of tetrasomic organisms distinguished by three
linked loci. Of these 17,320 are heterogenic at all loci.

TABLE 5 TABLE 6
r r
2 .3 4 2 3 4
2 172 348 196 2 348 810 504
Ky 3 348 810 504 s 3 810 1998 1296
4 196 504 336 4 504 1296 864
TABLE 7
s

2 3 4

2 196 504 336

s 3 504 1296 864

4 336 864 576
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OF LINKAGE IN POLYSOMIC INHERITANGCE , 61

3. THE CLASSIFICATION OF SEGREGATING GENOTYPES

Any genotype having r different genes at one locus, s at a second, ¢ at a third, and so on,
may be said to be isomorphic with any other specified by one of the r! permutations of genes
at the first locus, the 5! at the second, and so on. The maximum number of different genotypes
in a set of isomorphic genotypes is thus 7!s!#! ..., but there may not be so many as this. If
the group of permutations for which the genotype is invariant is of order N, then the number
of genotypes in the set is

’ ' rislel .. [N.

For example, the tetrasomic genotype, having two different genes at each of two loci,
AB|AblaB|ab,

is invariant for the permutation (4a), and also for (Bb). The group of permutations for which
it is invariant is therefore

1, (4a), (Bb), (4a)(Bb),

of order 4, since all these four operators leave the genotype unchanged. The number of
isomorphic genotypes in the set is therefore

2121 -4,

or unity, showing that the genotype is unique.

Since the gametic series produced by different isomorphic genotypes are equivalent, the
experimental examination of the gametic series supplies equivalent information in respect
to the frequency of different modes of gamete formation. The use of more than one genotype
of an isomorphic set will be of value only in eliminating such disturbances of the apparent
gametic output as arise from unequal viability. The parallel use of non-isomorphic genotypes
may, on the contrary, be essential in experimental work, for each may supply information
on points on which the other is either of low value of or none.

Sets may be related by permutations of loci. Permutations of loci for which a set is in-
variant can involve only permutations of loci having the same numbers of different genes.
Thus with two loci having the same number of different genes, any set which is transformed
into itself by interchange of loci may be said to be self-conjugate. Alternatively, it must
belong to a pair of conjugate sets. Genotypes belonging to conjugate sets may supply supple-
mentary information, for not all modes of gamete formation are invariant for permutations
of loci.

When there are only two loci, the sets of isomorphic genotypes may be represented by
bipartitions iz plano, the rows and columns standing for the different genes available at the
two loci, and each entry showing the number of chromosomes having the two genes specified.
It is easy to recognize the symmetry of such bipartitions, and to put down the number of

- genotypes in the set. Thus the nineteen genotypes with two different genes at each of two
linked loci of a tetrasomic organism fall into four self-conjugate sets, and one pair of con-
jugate sets. When s is not equal to ¢ every set belongs to a pair of conjugate sets, falling in
symmetrically placed entries of the enumeration table. The remammg genotypes of table 2
are thus briefly classified in table 8.
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62 R. A. FISHER ON THE THEORY
TABLE 8

1 | Four genotypes analogous to AB/abjab]ab, bisimplex coupling.
3 . Self-conjugate, or invariant for interchange of loci.
1 . | Four genotypes analogous to Ab/aB/ab/ab, bisimplex repulsion.

1 | Self-conjugate.
5 i Two conjugate sets each of four genotypes analogous to AB/A4b/ab/ab, simplo-duplex.
. 2| Two genotypes analogous to AB/AB/ab/ab, biduplex, coupling or repulsion.
2 - . | Self-conjugate.
1 1| Unique genotype, A4B/AbjaB/ab, biduplex, neutral.
1 1| Self-conjugate.
A | 1 . . 101 1 . 1| 60 genotypes in four conjugate
2 1 . 1 11 (2 . . 11 . pairs of sets.

12 6 6 6

- 11 98 senotypes in two conjugate pairs of sets
111 11 . senotyp yugate p :
8 6

o1 A | 1 . .

1 . 1 . . 1 . . 63 genotypes in three self-conjugate sets.
2 11 11

18 36 9

1]
R B 72 genotypes in one conjugate pair of sets.
11
36

A |
: 1 1 24 genotypes in one self-conjugate set.
1 .

24

The whole of the genotypes of table 2, heterogenic at both loci, are thus comprised in
eight self-conjugate sets of genotypes, and eight conjugate pairs of sets. There are thus
sixteen cases requiring separate genetic investigation; these correspond with the bipartitions
in plano of the number 4.

The bipartitions of the partible number 6, giving thirty-six self-conjugate sets and 120
conjugate pairs are set out, with some simple omissions, in table 9. These serve equally to
classify the possible hexasomic genotypes involving two loci.
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TABLE 9. (continued)

o1l 1 1. . L1 . 1] . 1.
T 1 . 1. . o1 1 . 1. . 1.
4 . 3 1 2 11| |31 2 2 . 2 11| |3 . 1
18 36 9 36 36 36 36 36 36 18 18
1 o1 1. . .1 o1 1. 1. .
1. 1. 1. . .2, 11 1.1 .2 .
1 21| 211 .2 21 |3 . 3 . 2 1 . 2 . 1
18 18 18 18 9 9 36 36 36 36

. 1 .1 1 . 1 o1 1. .1
11 . 2 .. 11 . 2 . . 2 . 11 . 11 .
2 1 1 2 111 .2 1 11 1 2 .1 111
36 36 36 36 36 36 36 36 18 18
o1 o1 11 .. 2 .. 2

.2, 11 1.1 .2, 11 .

2 . 1] |21 11 . 2 . 11

36 36 36 36 6 6 9

. 1], o1 1 T 1.
. 1. 1 o 1 . A N 1. .
3 1 . 2 1 1 1111 |2 2 . 2 1 1 111
72 72 12 36 144 36
1 ) . ) 1] ], 1 1. . 1. .
1. . D11 . 1 1. 2 . ) .1 1. .
.21 1 3 .. 2 1 111 2 1 . 111
36 72 144 72 72 72
1. . R R o 1 1. . 1.
2 . . D11 . 11 .. 2 . . .1 1.
111 |21 . 111 .21 1 2 . .21
24 144 72 144 72 144
1. . 1. . 1 ) 1 o1 .1 .1
o1 1 .2 . 11 . 1.1 . 11 . .2 .
111 . 1 .11 o111 11 . 2 . 2 . .
144 72 72 24 72 36
.11 1.1 1 .1

11 .. 1.1 . D11 .

11 . 11 . 2 . .

18 72 72

. o1 . 1 1 .1 . .
. 1. 1. ... 1. ... ) 11 . 1. .1
2 1 1 . 1111 111 1] |2 o 11 1 .
180 120 15 360 360
. 1] |1 .. 1 ) . } 11 . L1
2 . ... .. 11 1 ) 1 . 1. . 1.1 .
111 111 . . o111 . 2 i 11 .
120 180 120 90 180

1038

2022

1725
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OF LINKAGE IN POLYSOMIC INHERITANCE 65
TABLE 9. (continued)
. ) 1 . .1 .
. ) .. 11 . . 1
1 111 111 . . 11 .
90 360 90 540
.1 ) o1 ) 1] (1. . L1 .. 1
.1 . 1 1. .. 1. . R 1 . )
A T 1 ) 1 . . . 1 . . R B 1.
3 . 2 1 111 .| ]. 11 2 1 111
96 288 144 16 288 288 288 288
} 1 1. .1 . .1 ) 1
1 ) | R T R | 1 . . 1 )
1 . . . 1 . .. .2 .. 11 . .11 1 .1
.21 .1 11 2 . IR 2 . . 11
288 288 144 144 144 72 576 576
1 . . 1 . . . 1 . .
1 . . 1 . . . S
.2 . .11 . .11 .
.. 11 1 .1 1 . .1
144 144 144 288 . 4648
.. ) .1 ) ) 1 .1 .1
L1 ) 1. 1 ) ) 1. .1
) 1 1 . . . 1 . . . 1 . 1 .1
2 1 . 111 111 11 .
480 720 240 720 720
) . 1 )
1 . 1 . .
) 11 .11 .
11 . ) 11
1440 180 4500
. ) 1 . ... 1
) ) . ) R |
) 1 . 11 .
111 . 11 .
480 1080 1560
.. | ) o1
A | A | ) 1 .
R R I 1 )
.1 . 1. . 1 . .
2 . 11 .11
600 2400 1800 4800
9-2
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With three linked loci in a tetrasomic organism, the isomorphic sets correspond with the
tripartitions iz solido of the number 4. These are not so easy to illustrate and enumerate.
The following list accounts for the numbers enumerated in tables 5 to 7.

Three loci with two genes each. Four self-conjugate sets, and seven trios

B

number  number

of con-  of geno-  number invariant permutations

— jugate types in of ’ 2 .

< o typical formula sets each set  genotypes allelomorphs factors

5 - AB?‘/abc/abc/abc 1 8 8 — (ABC) (abc); (AB) (ab)
AbclaBe[abClabe 1 8 8 — (ABC) (abc); (AB) (ab)

e E ABC|ABC]/abc/abe 1 4 4 (Aa) (Bb) (Cc) (ABC) (abc); (AB) (ab)

O ABC|Abc/aBeabC 1 2 2 (Ac(z)Blg)B?)C,)(Aa) (Ce); (ABC) (abc); (AB) (ab)

" ,

T O ABc|abC|abe/abe 3 8 24 = (4B) (ab)

= w ABC[abClabc/abe 3 8 24 — (AB) (ab)
ABc¢/ABc/AbClaBC 3 8 24 — (AB) (ab)

::'% ABc|/aBClabClabe 3 8 24 — (Be) (bC)

Yo ABC|ABc/abe/abe - 3 8 24 — (AB) (ab)

= ABC|Abc/aBc|abe 3 8 24 — (4AB) (ab)

85 L ABC|ABc|abClabC 3 2 6 (Bb); (Aa) (Ce) (4AB) (ab)

< 0 172

LxA

22

I

oy

Two loct with two genes, and the third with three genes. Seven trios and six sextets

number number

of con- of geno-  number invariant permutations
jugate types in of A
typical formula sets each set  genotypes allelomorphs factors

ABC/|abClabc/abe’ 3 12 36 (cc") ~ (4B) (ab)
ABclabClabClabc’ 3 24 72 — (AB) (ab)
Abc/aBc' [abClabC 3 24 72 — (AB) (ab) (cc')
AbClaBClabc]abc’ 3 12 36 (ec’) (AB) (ab)
ABC|ABC [abc|abc’ 3 12 36 (ec’) (AB) (ab)
ABC|ABc|abClabc’ 3 12 36 (Aa) (Bb) (cc') (AB) (ab)
ABc[AbC[aBC/abe’ 3 12 36 (Aa) (Bb) (cc') (4B) (ab)
AbClaBc|abClabc’ 6 24 144 — —_
ABC[aBC|Abc/abe’ 6 12 72 (da) (ec’) —

— ABC|AbClabc/abe’ 6 12 72 (ec”) —
ABC[Abc/abc’ [abC 6 24 144 - —_—
ABc[AbC/abc' [abC 6 24 144 — —
ABc|Abc' [abClabC 6 24 144 — —

2 1044

X

8 88} Two loct with two genes, and the third with four. Four trios and one sextet

e .

= O number number

E @ of con- of geno- number invariant permutations

— » jugate types in of g n -

typical formula sets  each set genotypes allelomorphs factors

32 ABC[abC'|abc|abe’ 3 16 48 (C'c'); (ee'C") (AB) (ab)

Yo AbC|laBC' [abc|abe’ 3 48 144 e’ ' (AB) (ab) (CC")

= ABC/|ABC' [abc|abe’ 3 12 36 (ec'); (CC"); (Aa) (Bb) (Cc) (C'¢") (AB) (ab)

n.b ABCG[AbC' [aBc/abc’ 3 24 72 (Aa) (Ge) (C'¢"); (Bb) (CC") (ec') (AB) (ab) (C'c)

Q< s ABC]AbC'|abe|abe’ 6 48 288 (o) —

oZ 588

=<

I

B |
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Two loct with three genes, and the third with two. Nine trios and three sextets

number number

of con-  of geno- number invariant permutations
jugate types in of - ~
typical formula sets each set  genotypes allelomorphs factors
ABC[ABc/abc|a'b'c 3 36 108 (aa’) (bb") (AB) (ab) (a'd’)
ABc/ABclabCla'b'c 3 72 216 — (AB) (ab) (a'd’)
ABC/ABc|abCla'b'c 3 36 108 (aa’) (bb') (Ce) (AB) (ab) (a'd)
ABC|ABC]/abcla’'b'c 3 36 108 (aa’) (bb") (AB) (ab) (a'd’)
ABC/AbclaBela'b'c 3 72 216 — (AB) (ab) (a'd")
— ABc[Abc/aBea'b'C 3 72 216 — (AB) (ab) (a'd’)
< S ABC/AbcaBela'b'C 3 72 216 e (AB) (ab) (a'b’)
> AbC/Ab'ClaBe|d’ Be 3 18 54 (aa’); (bb") (AB) (ab) (a'd") (Cc)
O = AbC|Ab'¢c[aBCla’ Be 3 36 108 (aa’) (bb") (Ce) (AB) (ab) (a'd")
= - ABc/AbClaBc|a'b'c 6 72 432 — —
— ABG[AbClaBcla'b'c 6 72 432 — e
= O AbC[Ab'c/aBcla’ Be 6 36 216 (aa’) —
L O 2430
= w
=1 Loct with two, three or four genes respectively. Four sextets
£0 number  number
E = of con-  of geno- number invariant permutations
oY « jugate types in of -~
aZ O typical formula sets each set  genotypes allelomorphs factors
n YP P
Oz ABe,|a'beyabey|abe, 6 144 864 (¢56) —
=5 Abc,[a’'bey|aBesabe 6 144 864 (aa’) (cycy) -
T 1/@ b6yfabbesjancy 2¢4)
= ABc,|a’' Be,y|abes|abe, 6 72 432 (c5¢4); (Aa’) (cqey) —
ABe,|a’bey/aBesfabe, 6 144 864 (da’) (Bb) (cy¢5) (c5¢4) —
3024
Two loct with four genes, and the third with two. Two trios
number  number
of con-  of geno- number invariant permutations
jugate types in of . -
typical formula sets each set  genotypes 2llelomorphs factors
Abyc,[abycylabycy/abyc, 3 192 576 (bybgby) (cyescy); (brey) (b6)
(bybs) (ca65) (byes) (bycy)
Abyc,[Abycyfabyesfabye, 3 144 432 (b1 by) (c1¢5); (bycy) (byes)
(b3by) (c564) (b3cs) (bycs)

(Aa) (b,b5) (by04)
(cr63) (eqey

1008

B

2 Three different genes at each locus. Three self-conjugate sets and three trios
= >~ number number
O = of con- of geno-  number invariant permutations
= 48] ) jugate  typesin of ~
e typical formula sets each set  genotypes allelomorphs factors
= O ABC[ABC]labcla’b'c’ 1 108 108 (aa’) (bb") (') (AB) (ab) (a'd’);
T O o (ABC) (abe) (a'b'¢’)
= wv ABCG[Abc[aBc'[a'b'C 1 216 216 — (AB) (ab) (a'd") (cc');
. (ABC) (ab'c) (a'bc’)
::“2 ABc[/AbClaBcla'b'c 1 216 216 — Ezjg)cyz(b)b ()a'(b')b; )
J abc) (a'b’c’
=0 ABC/AbCJaBela'b'c’ 3 216 648 — (AC) (ac) (a'c")
n_b ABc[Abc' [aBCla'b'C 3 216 648 — (AC) (ac) (a'c") (b')
aBcla'Be ; (aa’) (cc ac) (a'c
8< o A4bC[Ab'ClaBela'Be' 3 54 162 (b0"); (aa’) (cc") (AC) (ac) (a'c") (bd')
O% 1998
=
T
oy
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68 R. A. FISHER ON THE THEORY
Three genes at two loci, and four at the third. Three trios

number number

of con- of geno- number invariant permutations
jugate types in of ~ ~ -~
typical formula sets  each set genotypes allelomorphs factors
ABc,[ABc,[abeya'b’c, 3 216 648 (AB) (ab) (a'd")

(e169);
(ad’) (b_b—’) (c364)

ABc,[AbcyjaBeyja’b'e, 3 864 2592 (AB) (ab) (@'b') (cycs)
Abe,[Ab'c,/aBes|a’Be, 3 216 648 (b8') (cy¢5); (AB) (ab) (a'd’) (c,¢5) (c9¢4)
(ad’) (e3¢4)
3888

Four genes at two loci, and three at the third. One trio

number number

of con-  of geno- number invariant permutations
jugate  typesin of .
typical formula sets each set  genotypes allelomorphs factors
Aby ¢,/ Abyc,[abgcsla’byc, 3 864 2592 (by6y) (c169)5 (byer) (byep) (B3es) (byey)

(b3b4) (c3¢4) (aa’)

Four genes at each locus. One self-conjugate set

number number

of con- of geno- number invariant permutations
jugate types in of =
typical formula sets each set  genotypes allelomorphs factors

a by fagbycylazbycsfa,bye, 1 576 576 all suffices all loci

There are therefore 200 isomorphic sets in all, comprising 8 self-conjugate, 36 trios and
14 sextets, or 58 essentially different kinds of genotype.

ADDENDUM ON CERTAIN ENUMERATIONS OF ISOMORPHIC SETS AND GENERA

For numbers of loci exceeding three, the numbers of genotypes are large and their rela-
tionships complex. The enumeration of the isomorphic sets presents a problem somewhat
analogous to that of the enumeration of the modes of gamete formation, discussed in § 4.
The following results for / loci in tetrasomic organisms may be noted : ‘

number of isomorphic sets

all simplex (3 1) (4/+6.2!+8)/24 1>0
all duplex (22) (3+3)/6 1>0
all digenic (7'49.3'+14)/24

all trigenic (2 12) (6!+9.24) /24 1>0
digenic or trigenic (13'+9.5'+14)/24

all heterogenic (14'4+9.6'+14.24) /24

Numerically these give, so far as six loci:

= 1 2 3 4 5 6
all simplex (3 1) 1 2 5 15 51 187
all duplex (22) 1 2 5 14 41 122
all digenic 2 6 25 131 792 5,176
all trigenic (2 12) 1 3 12 60 336 1,968
digenic or trigenic 3 17 139 1,425 16,643 206,977
all partitions 4 24 200 2,096 25,344 331,264
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It is curious that the number using all partitions (other than (4)) should be just 2! times
the number using digenic partitions only.

The isomorphic sets enumerated above are distinct in that no one can be transformed
into another by gene substitutions at the same locus; different sets may, however, be related
by permutation of loci, and so many as /! different sets may thus belong to the same genus.

The enumeration of such genera involves expressions analogous to those of the Eulerian
generating functions for the enumeration of partitions. Indeed, for factors all simplex the
number is merely the number of partitions of not more than four parts, while for factors all
duplex it is the number of partitions of not more than three parts. The others are more
complex and need somewhat intricate arguments to build them up.

Generating functions _for numbers of genera

all simplex 1/(1—x) (1—x2) (1—u3) (1 —x*)
all duplex 1/(1—x) (1—%) (1—x%)
all digenic (L3 +at+ 2%+ 286 +2%) /(1 —x)2 (1 —22)2 (1 —53)2 (1 —x?)
all trigenic (T4+x3+xt+ 25+ 28449 (1 —x) (1 —22)2 (1 —x%)2 (1 —2%)
L Lo 1+ 2x% + 1023 4 19x* + 34x° + 66x° + 967
digenic or trigenic ot 10T A0 il2gx;-+lg2;cl; T 1 —x)3 (1 —a2)* (1—a3)* (1 —at)?

+ 128x10 +- 96411 4 66x12 + 34x13 4 19514

all heterogenic + 10x15 + 2416 - x18

[(L=x)* (1 —a2)* (1—x%)* (1 —x%)?
The numerical values are:

Numbers of genera for different numbers of loci

= 1 2 3 4 5 6
all simplex 1 2 3 5 6 9
all duplex 1 2 3 4 5 7
all digenic 2 5 11 22 40 72
all trigenic 1 3 6 : 11 18 32
digenic or trigenic 3 12 42 132 380 1030
all heterogenic 4 16 58 190 570 1600

4. THE ENUMERATION OF MODES OF GAMETE FORMATION

The enumeration of the modes of gamete formation is essential for the study of linkage in
polysomic organisms, for, given the mode of formation, any one of the multiply-heterogenic
genotypes enumerated in the previous section yields a known gametic series merely by
applying Mendel’s law. Moreover, the frequency of different modes of formation is very
generally independent of the genotype, so that if determined experimentally for chosen
genotypes the frequencies ascertained give the gametic series applicable to all. In disomic
inheritance, the number of modes of formation distinguishable by the use of / linked loci is
2'-1) requiring 2-!—1 independent parameters for the specification of all frequencies.
With polysomic inheritance at a single locus only one parameter is required for tetrasomic
and hexasomic organisms, while octosomic and decasomic organisms would require two.

The recognition of the modes of gamete formation may be illustrated with the case of two
linked loci in a tetrasomic organism. Ifall four genes at each locus are different, the number
of different possible chromosomes is 16, and the number of different possible gametes is

1.16.17 = 136.
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Every possible gamete contains a selection of portions from one or more of the four parent
chromosomes. Permutations of the four chromosomes from which it arises will generate a
set of gametes having the same mode of origin. All possible gametes may thus be accounted
for. Table 10 shows the results from the parent a,b,/a,b,/a;b4/a,b,.

TaABLE 10. MODES OF GAMETE FORMATION FOR TWO LOCI IN A TETRASOMIC ORGANISM

mode of typical number of
formation gamete types of gamete
1 a,b,/ayb, 6
2 aybyfa b, 4
3 a, b /ay b, 24
4 @ byja, b, 12} conjugate pair
5 a,byfayb, 12
6 a,bylasb, 12
g kel kel 12} .conjugate pair
. a,byfa, by 12
9 a,by/a,b, 24
10 a,byfa, by 12
11 a,bylay by 6

136
There are therefore eleven modes of gamete formation to be distinguished, of which seven
are invariant for interchange of loci, while four are in two conjugate pairs.
The number of modes of formation in tetrasomic organisms distinguishable by means of

[ linked loci may be found as follows. In the two gametes to be selected there are 2/ places
to be filled. The number of ways of dividing these 2/ places into exactly s divisions is

8—1!115021 (0 =0).

The sum of these values for s equal to 1, 2, 3 and 4 will therefore enumerate all possible
gametic types, but will count twice those which are altered by interchange of the two chromo-
somes. The true number may therefore be obtained by adding the number unaltered by
interchange of the two chromosomes, and dividing the whole by 2.

In any gamete which can be transformed into itself by interchange of chromosomes, and
subsequent permutation of the sources from which its portions are drawn, the two chromo-
somes must be divided alike. Since each contains / loci the number of ways in which they
can be divided alike into s divisions is

LA (7 =0).

Each such subdivision will yield a number of different types according to the value of s.

If s = 1, there will be two symmetrical types, with chromosomes alike and unlike respec-
tively, as in (1) and (2) above.

If s = 2, there will be five symmetrical types, corresponding with numbers (6), (7), (8),
(10) and (11).

If s = 3, there will be four having three sources only, and six having four sources, or ten
in all.

Ifs = 4, there will be ten having four sources, this being the number of elements, including
the identity, of the permutation group of four objects, of which the squares reduce to the
identity.
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The number of symmetrical gametes which can be selected is therefore
(24 + 34242243+ 394%) ot (0 = 0).
Half the sum of the two expressions now obtained is readily found to be
g5 16+ 5. 444
When [ takes the values 1, 2, 3, 4 the numbers of modes of formation are thus
2, 11, 107, 1451,
increasing thereafter nearly 16-fold for each additional locus.

The 107 modes of formation for three linked genes consist of five self-conjugate, twenty-
two trios and six sextets. They may be put on record as shown in table 11.

TABLE 11. MODES OF FORMATION FOR THREE LINKED LOCI, IN A TETRASOMIC ORGANISM

number kinds of kinds of
type of gamete of sets gamete per set gamete

a,bycyfa b e, 1 4 4
a,by¢fazbyc, 1 6 6
aybycsfay bycy 1 24 24
a,bycsfaybye, 1 24 24
a,by¢ifazbyc, 1 24 24
a byefa e, 3 12 36
abycyfa bye, 3 12 36
abycylabic, 3 12 36
a,b,¢y/a,byc, 3 12 36
a,bycyfazbyc, 3 6 18
a,bycyla bycy 3 12 36
aybycifaybycy 3 24 72
aybycofabycy 3 12 36
a,bycolanbycy 3 24 72
abycifazbycy 3 24 72
arbycylazbyc, 3 24 72
a,bycolaybycy 3 12 36
a,by65a, byc, 3 12 36
a,bycofasbycy 3 24 72
a,bycslagbsey 3 24 72
a,bycyfa bycy 3 24 72
a,bycylazbscy 3 12 36
a,bycsfanbycy 3 12 36
aybycsla bycy 3 12 36
a,bycyfaqbyc, 3 24 72
aybyeslagbyc, 3 24 72
aybycqfazbyey 3 24 72
a,bycolaybycy 6 24 144
a,bycofa; bycy 6 24 144
a,bycyfa bycy 6 24 144
a,byeilagh;c, 6 24 144
a,bycsfa bycy 6 24 144
a,bycylazbqcy 6 24 144

107 2080

107=45.16%4+%.43+%, 2080=4%.43(43+41).

It is not so easy to calculate the number of modes of gamete formation for / linked loci in
hexaploids. The expression
1
6!3!
is integral for all values of /, and correct for [ = 1,1 = 2; for { = 3 it gives 3175 modes, which
may perhaps be checked by direct enumeration.

210+ 545 60'+ 1455 30 15 24 + 55 20 455 10/ 457 . 6/ 577 84 75.2

Vol. 233. B. 10
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72 R. A. FISHER ON THE THEORY

If three appearances of the same gene were admissible, the number of types of gamete
produced by a hexaploid organism completely heterogenic at each of / linked loci would be

6/(6/+1) (6'+2) 6.
Of these the number using three identical genes at each of 7 loci is

[!
6 T 86+ (87 +2) 6.

Hence the number of gametic types in which triplicate genes are never used is
6'(6'+1) (6/'+2) =6,
—6/.61(6"1+1) (6--142) -8,
+62.L(l—1).6"2(61"2+1) (6-2+2) +6,
etc.,
or, summing the series, 6~1{(62—1)!+3(6—1)3 = 6/-15/(7'+3).

If [ = 1, this is 50, namely, the twenty types made of the selection of three genes out of
six, and the thirty in which one gene is chosen to appear twice in conjunction with a single
representative of each of the others. When / = 2 the number is 7800 this is distributed among
forty modes of gamete formation, of which twenty are invariant for interchange of loci,
while there are ten conjugate pairs, as shown in table 12.

TABLE 12. MODES OF GAMETE FORMATION FOR TWO LOCI IN A HEXASOMIC ORGANISM

number kinds of kinds of

type of gamete of sets gamete per set gamete
aybyjaybyfasby 1 20 20
a,b,ja, b,[ayb, 1 30 30
a,b,/a,by/asb, 1 180 180
a,bjayb/ayb, 1 30 30
aybyja,b,jayb, 1 120 120
a,b,faybsla, by 1 360 360
a b jaybsfay by 1 120 120
a,by/aybslasb, 1 60 60
a,b,/ay,bs/a5b, 1 360 360
a byfayby/a, by 1 120 120
abyfa;bylayb, 1 30 30
a,bylasb,fasbg 1 120 120
a,byfa; bylasb, 1 360 360
a,by/ayb,/asb, 1 180 180
a,bylasbyfasb, 1 360 360
a,bylagb [asb, 1 120 120
a,by/ayb,[ayb, 1 30 30
aybyfaybyfa by 1 720 720
a,bylaybslasb, 1 360 360
a,byla,bsfagb, 1 40 40
a,by/aybylasby 2 120 240
a b laybsfayb, 2 180 360
a,by/a;bylasb, 2 360 720
abifa;bylasb, 2 120 240
abyfa;bylayby 2 120 240
a,byla, bsla, by 2 360 720
a,byla,bslasb, 2 360 720
a,byfa; bsfayb, 2 180 360
a,by/a,bslayb, 2 120 240
a,byfa; bylay by 2 120 240
40 7800
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OF LINKAGE IN POLYSOMIC INHERITANCE 73
5. THE GAMETIC MATRICES

The chief practical obstacle to work with polysomic species lies in the recognition of the
genotype of the gametes produced. With disomic species a backcross to a multiple recessive
will produce offspring from the phenotype of which the genotype of the gamete responsible
can be recognized. With polysomic reproduction, however, a gamete may contain one
dominant gene, or perhaps more, and the phenotype of the offspring, unless dominance is
incomplete, does not specify the gamete which produced it. Moreover, even if dominance
were completely absent, and simplex, duplex, triplex and quadruplex organisms could all
be recognized, still no distinction could be made between the offspring from such gametes
as Ab/aB and AB/ab, which contain the same genes differently associated.

The genotype of the gamete can, however, usually be recognized by performing a second
backcross, i.e. by crossing to a multiple recessive in two successive generations, so that each
gamete is recognized, not by the appearance of a single individual, but by the frequency
distribution observed in a family of 50 or 100 of its offspring. This method of the second
backcross, though laborious and time-consuming, is extremely powerful in unravelling the
complex situations of polysomic inheritance. It will therefore be supposed that the gametic
output-of chosen genotypes is tested in this way.

For tetrasomic inheritance the number of gametic genotypes produced by any organism
is easily calculated. For a tetrasomic organism having r genes at one locus and sat a second itis

Lrs(rs+1),
if there were also a choice of # genes at a third locus, the number would be
Lrst(rst+1),

and so on. For hexasomic inheritance the number will depend also on how many genes
are only singly represented. .
Putting r, s equal to 2, 3 and 4, and ¢ = 1, then the numbers of gametic genotypes will be

r

‘ 2 3 4

2 10 21 36

s 3 21 45 78
4 36 78 136

Since the gametic output is specified for each mode of gamete formation in question, of
which in this case there are 11, any given genotype is associated with a matrix of 11 rows,
‘each of which gives the frequency distribution of the different possible gametes. The matrix
has thus as many columns as there are gametic genotypes.

The frequency distributions for different modes of formation are not, however, entirely
independent, for, at each locus, the average number of genes of each kind in the gametes
must be half the number in the parent zygote. The numbers of restrictions due to this cause
are shown in similar form below:

2 3 4
3 4 5
4 5 6

The rank of the gametic matrix cannot exceed the difference between the corresponding

entries in the first table and the second. Thus the nineteen genotypes having only two genes
10-2
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at each of two loci have each a gametic matrix of rank no greater than 8. Since only a matrix
of rank 11 could determine the frequencies of the eleven modes of gamete formation, it is
clear that no one of these used alone could suffice for the purpose. The information supplied
by each of these genotypes must be somewhat deficient. An examination of the matrices is
needed to ascertain to what extent they suffer from deficiencies common to all, and to what
extent some may supplement the deficiencies of others.

A gametic matrix need be prepared only for each set of isomorphic genotypes, for per-
mutation of the genes will permute all rows of the matrix alike, and therefore permute whole
columns. Hence for different isomorphic genotypes the same series of frequencies will be
observed, though these will refer to different gametic genotypes. There is, of course, no such
relationship between the frequencies of phenotypes of the first backcross generation.

The gametic matrix of a simplo-duplex tetrasomic organism is shown in table 13. There
are 11 rows and 10 columns, but on examination the rank of the matrix is found to be only 7.
It must therefore be possible to find a 4 x 11 matrix of rank 4 which will premultiply it to
zero. This is shown in table 14. This may be called the deficiency matrix, as it specifies the
extent and nature of the deficiency of the information available from this group of genotypes
for the evaluation of the frequencies of the eleven modes of gamete formation. The sum of
the products of the elements of each row of the deficiency matrix with each column of the
gametic matrix vanishes. In other words, any multiple of any row of the deficiency matrix
may be added to the frequencies of the modes of gamete formation without altering the
gametic output.

TABLE 13. GAMETIC MATRIX FOR SIMPLO-DUPLEX GENOTYPES

composition of gamete

AB aB ab Ab|AB aB ab Ab | AB Ab
(Dode of AB aB ab Ab | Ab AB aB ab | ab aB| . .
ormation divisor
1. ajbjayb, . 2 . 2 4 | 4 . 12
2. apbjab, 3 6 3 e .. 12
3. a,bfaybg I I I . 1 4|3 1 12
4. aybja b, . 4 2| 4 . 2 . .. 12
5. ayb/ayb, 1 2 1 .2 . 6 R 12
6. a,bylasb, . .2 .2 4 |2 2- 12
7. aybfazb, .11 2 . 2 . b . 12
8. aybyja by 2 412 . 4 . A 12
9. a;by/ayb, S S I I 4|1 3 12
10.  ayby/a b, 1 2 4 5 e e o 12
11, a;byfayb, 2 . 2 . . 4 .4 12

Parental genotype is taken to be AB/Abjab/ab.
The interchanges (4a) and (Bb) generate a set of four equivalent genotypes. A second set of four is obtained by
interchanging the loci, and making the row interchange (45) (78).

TABLE 14. DEFICIENCY MATRIX FOR SIMPLO-DUPLEX GENOTYPES

mode of gamefic formation
—A

~
b aby. ady aby aby aby  ady by, aby, aby, ab,

ayby ayby ayby  ayby  ayby  azby  azh,  ayby  ayby  ajby  ayb

1 . -2 . . 1 . . . . .
. . I . . —2 . 1

1 . . -2 . —2 . 2 . . 1
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As arranged in table 14 the first two components of the deficiency matrix are seen not to
involve the two pairs 4 and 5, and 7 and 8 of modes of formation, which are interchanged by
interchange of loci. These two components are therefore common to the deficiency matrices
of the two conjugate sets of genotypes. Using genotypes from both these conjugate sets,
however, the deficiency is reduced to these two elements.

The gametic matrices of the two other sets of four isomorphic genotypes, shown in table 15,
typified by the genotypes bisimplex coupling, and bisimplex repulsion, are both of rank 8,

B

]
< TABLE 15. GAMETIC MATRIX FOR BISIMPLEX COUPLING, AND SIMILAR GENOTYPES
>" E cdmposition of gamete
O[_u : AB aB ab Ab|AB aB ab Ab | AB Ab
;ﬁ modeof |7% —% 7 7|5 2B B 7|0 TR

e f . AB aB ab Ab | Ab AB aB ab | ab aB ..

U ormation : divisor
- 1 . 6 . R 6 . 12
: O 2 3 9 . L. Co 12
= w 3 . 3 . 3 313 . 12

4 g . 3 . 3 . 12

- 5 . . . 3 . 3 12
5Z 6 e . 6 6 12
=0 7 3 3 . . . 6 12
E,‘: 8 . 3 3 6 . 12
Ou L 9 .3 . . . 3 3 |. 12
AL 0 10 3 6 3 .. .. 12
o ‘£ 11 . 6 6 12
d .
Eé Parental genotype AB/aé/ab/ab, belonging to a self-conjugate set of 4.

Deficiency matrix

mode of gamete formation

I 2 3 4 5 6 7 8 9 10 II
1 - . . ) S . . . .
I . . —2 . I
I -1 —I . I

Gametic matrix for bisimplex repulsion, and similar genotypes

composition of gamete

4B aB ab Ab|AB aB ab Ab|AB Ab
Joodeof 'y 4B ab 45|45 AB aB b |ab aB|
ormation : divisor
— I .2, 4 4 2 12
2 3 6 3| . o .o 12
3 .3 . . 3 3|1 2 12
4 .4 2 1 5 . 12
— 5 2. 4 | 5 .. 12
< 6 .4 . .2 212 2 12
>_‘ >4 g I 5 2 . 4 12
.05 1|2 . 4 . .. 12
@) = 9 08 .| . . 3 g8le2 1 12
I~ =9} 10 I 2 7 2| . . . o] . . 12
— It .2 4 4 |2 . 12
= O
E o Parental genotype Ab/aB/abjab, belonging to a self-conjugate set of 4.
= Deficiency matrix

mode of gamete formation

PHILOSOPHICAL
TRANSACTIONS
(@]
|
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and have 3 x 11 deficiency matrices. It will be seen that all four sets have two elements of
deficiency in common, and no two of them have any other common element. Consequently,
genotypes belonging to any two of these four sets may be used to reduce the deficiency to
two elements, or to supply eight equations for the ten unknowns.

The two remaining sets (table 16 below), which comprise the three biduplex genotypes,
supply one but not both of the missing equations. The set of two, biduplex coupling and
repulsion, has a matrix of rank 6, while the unique genotype biduplex neutral has one only
of rank 4. The former is the more useful, especially as its two genotypes may be made up
at will by crossing homogenic organisms. Of these doubly digenic genotypes a set of three
belonging to different isomorphic sets, of which one is biduplex, will leave only one degree
of indeterminacy. Moreover, the information lacking from such a test is just that which is
not needed in predicting the gametic output of any of these nineteen genotypes.

If, from a simplo-duplex organism, instead of breeding a second generation by the double
backcross, all four genotypes of the set had been used, and the first generation classified in
four phenotypes, an 11 x 16 phenotypic matrix would be obtained. This, of course, must
have the same elements of deficiency as the gametic matrix of the same parents; but it may
have others in addition. On examination it is found to be of rank 6, and so to have one
additional element of deficiency. This is easily seen to be the element-

for the first and last rows of the gametic matrix are equivalent save for the interchange of
the gametes Ab/aB and AB/ab. Since this is true of the gametic matrices of all six sets, it is
clear that the phenotypic classification of the first backcross, however thoroughly carried
out, will always leave a second element of deficiency, which will leave one ignorant of the
frequencies with which the different kinds of gamete are produced.

Since the first two modes of gamete formation involve no recombination, while the next
three involve one recombinant chromosome, and the last six two recombinant chromosomes
each, the recombination fraction is equal to the sum of the frequencies of modes 6 to 11,
together with half the frequency of modes 3 to 5. It may be noticed that the vector

001414111111,

regarded as a column matrix, is premultiplied to zero by all the deficiency matrices obtained
above, except that for the unique genotype of biduplex neutral. Consequently, the re-
combination fraction can be ascertained by a double backcross from all except one of the
doubly heterogenic genotypes. Moreover, all genotypes will suffice to ascertain the fre-
quencies of double reduction at the two loci severally, given by the vectors

01010001010 and 0100101001 0.

These three ratios are therefore easily ascertainable by double backcrossing. With single
backcrossing, however, the frequency of recombination must always be indeterminate,
owing to the equivalence of the first and eleventh modes of formation, having 0 and 2
recombinant chromosomes respectively. The method of determining the recombination
fraction, which first presents itself, by making up biduplex organisms in coupling and
repulsion, and backcrossing these to double recessives (or intercrossing them) as practised by
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TABLE 16. GAMETIG MATRIX FOR BIDUPLEX COUPLING, AND REPULSION

composition of gamete
AB aB ab Ab | AB aB ab Ab| AB Ab
hodeof \Yyp 4B b Ab | A6 AB aB ab| ab aB | . .
ormation divisor
I 2 .20 . . . . . 8 . 12
2 6 . 6 . . . . . . . 12
3 . . 2 2 2 2|4 . 12
4 2 . 2 . |l4 . 4 . . 12
5 2 . 2 .4 . 4 .. 12
6 2 2 . . 4 4 12
7 2 . 2 .4 . 4 . . 12
8 2 2 | 4 . 4 R 12
9 . ... 2 2 2 2 .4 12
10 2 4 2 4 . . . . . . 12
11 2 . 2 . . . . . . 8 12

Parental genotype AB/AB/ab/ab, belonging to a self-conjugate set of 2.

Deficiency matrix

mode of gamete formation

1 2 3 4 5 6 7 8 9 10 11

My . —2 . 2 . -1 |
I -2 . 2 . -1 1
' I -2 . . —1I .
. . 1 I —2 =1 I I
' 1 . —2 —2 2 . . I ,

Gametic matrix for biduplex, neutral

composition of gamete

AB aB ab Ab | AB aB ab Ab | AB Ab
jnodeof \'fB 4B ab Ab | Ab AB aB ab | ab oB | ..
ormation divisor

1 .. .4 4 4 4|4 4 24
2 6 6 6 6| . . . . .. 24
3 1 1 .1 1|2 2 2 2|6 6 24
4 2 2 2 28 . 8 . . 24
5 2 2 2 2 . 8. . 8 . 24
6 - o4 4 4 44 4 24
7 2 2 2 2| . 8 . 8. . 24
8 2 2 2 2|8 . 8 . . 24
9 1 1 1 1|2 2 2 2|6 6 24
10 6 6 6 6| . . . . . . 24
1 e o4 4 4 4|4 4 24

Parental genotype AB/Ab/aB/ab, unique genotype.

Deficiency matrix

mode of gamete formation

I g 3 4 5 6 i 8 9 10 11
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78 R. A. FISHER ON THE THEORY
TABLE 17. GENOTYPES TRIGENIC AT ONE LOCUS, DIGENIC AT THE OTHER
Genotype Ab/AbjaB/a’b, representing a set of 12
composition of gamete
4B Ab aB ab oB ob|AB aB ¢B|AB Ab AB Ab aB ab |AB Ab AB Ab aB ab deficiency
AB Ab aB ab a'B a'b| Ab ab a'b|aB ab a’'B a’b a’'B a’'b| ab aB a'b a’'B a'b «'B divisor matrix
2 . . 4 4 . 2 12 11
6 . . . . . . 12 . .
1 1. 2 2 2 1 1 1 12 -2 -2
4 2 3 . . . . . 12 . .
2 . . 2 2 . 4 1 . 12 .
. . . 2 .4 . . 2 2 12 I
11 . . 4 2 2 .. 12 .
.2 3 4 2 . . . . 12 . .
| . . 1 2 . 2 2 11 12 2
2 4 3 1 2 . .. . . . 12 .
. 2 . e . 4 . 4 2 12 -1
Genotype AB/Ab/abja’b, representing a set of 6
composition of gamete
AB Ab oB ab B ab (A aB' «B|AB Ab AB Ab aB ab |AB Ab AB Ab B ab | deficiency
AB Ab aB ab a'B a’b | Ab ab a’b | aB ab a'B a'b B d’b| ab aB a'b B d'b a'B divi matrix
ivisor
A . 4 . 4 4 4 | 4 4 24 1 1
6 6 6 . .. . . . . . 24 . .
.2 . . 2 .4 4 2|3 1 3 1 1 I 24 -2 -2
.4 4 . 4|8 2 2| . . . . . . 24 . .
2 2 e . 2 6 2 6 4 .o 24 co.
.4 . .. . .4 . 4 2 2 2 2 2 2 24 . 1
4 . . . . 2 6 2 6 2 2 . 24 . .
. 8 . 2 | 4 4 4| - < . . . G e e e 24 . .
R 2 . .4 . 4 2 1 3 1 g 1 1 24 2
2 10 2 4 2 . . . . .. . N . 24 .
S 4 4 4 4 4 - 4 24 -1
Genotype AB/AB/ab/a’b, representing a set of 6
composition of gamete
AB b aB ab «B db|AB oB' 4B|AB Ab AB Ab aB ab [AB Ab AB b aB ab deficiency
AB Ab ab a’B a’b | Ab ab a’b | aB ab a'B a’b a’B d'b| ab aB da'b aB a’b aB divi matrix
ivisor __
2 . . . . . .20 4 4 12 1 . 1
6 . 3 3 . . . e . . 12 . I
. . . 2 . 1 1 1 1 2 2 1 1 12 -2 .
2 . 1 1 4 2 2 . . 12 . -2
2, . . . 2 2 2 2 . 2 12 . . -2
.2 . .. . 2. 2 2 2 2 12 . —2
.2 . . . 2 2 2 2 2 . . 12 . . 2
.2 I 4 2 2 .. . . 12 . 2 .
. . 2 1 1 1 1 . 2 2 1 1 12 2 . .
2 4 1 2. 1 . . . . 12 . -1
2 . . . . 2 4 4 12 -1 1
Genotype AB/Ab/aB/a’b, representing a set of 6
composition of gamete
4B 4b aB ab oB o (AB aB' 4B |AB Ab AB Ab oB ab [AB Ab AB Ab aB ab defciency
AB Ab ab a’B a’b | Ab ab a’b | aB ab a'B a’b a’B a'b| ab aB a’b aB db 4B divi matrix
ivisor
. 4 . 4 . . 4 . 4 4 4 24 1 . 1
6 6 . 6 . Ce e . 24 . 1
I 1 . . 2 . 1 1 1 1 1 1 2 4 4 2 2 24 -2
2 2 . . 218 4 4 e e e . 24 . -2
2 2 . . .. 6 2 2 6 2 2 . 24 . -2
. . 4 .4 4 . 2 2 2 2 2 2 24 . -2
2 2 .. . 2 6 6 2 2 2 . 24 . 2
2 2 2 2 8 4 4| . . .. . 24 . 2 .
11 .. 2 I 1 1 1 1 1|4 2 2 4 2 24 2 . .
6 6 4 4 2 . . .. N 24 .o —1
e w e . 4 4 . 4 4 4 4 24 -1 . 1
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OF LINKAGE IN POLYSOMIC INHERITANCE 79

Haldane & de Winton (1931), is bound for this reason to leave the recombination fraction
indeterminate.

The four conjugate pairs of sets of genotypes having three genes at one locus and two at
the other (table 17), all have matrices deficient in the same element which is common to all
genotypes digenic at both loci. Experimentation with these genotypes will not therefore
supply the missing information. Equally, the gametic series for these sixty genotypes can
be determined by experimentation with digenic organisms only.

The same is true of the two conjugate pairs of sets of genotypes having four genes at one
locus and two at the other. In the genotype used for the first of these, the formula is invariant

_for all permutations of the three genes a,, a; and a,. Consequently, all gametes which can
be generated from any one by such permutations must appear with equal frequency for
all modes of gamete formation, and so can be accommodated in the same column of the
matrix. The thirty-six different kinds of gamete then require only thirteen columns. In the

- genotype used for the second set the corresponding group of permutations is that generated

- from (a,a,), (asa,) and (a,as) (a,a,) (Bb). Table 18 gives the numbers of distinguishable
gametes represented in each column, and the total frequency of these for each mode of
gamete formation.

TABLE 18. GENOTYPES TETRAGENIC AT ONE LOCUS, AND DIGENIC AT THE OTHER
Genotype a,B/a,b/azb/a, b, representing a set of 8

number of distinguishable gametes

1 1 3 3|1 3[3 3 3 3[3 3 6
gametic @B a\b'a,B &b 4B a,Ba,B 0,b ,B a,b 0B a)b 0,B deficiency
formula ...\a;B a;b a,B ayb | a1b a.b |a,B ayb asB a3b | ayb a,B ash divisor matrix
1 . . 2 | 2 4 I
o 2 1 3 | . e Ce . 4 .
S 3 . . 1 . 1 1 . I 4 —2
g 4 2 |1 1 L . 4 .
o} 5 . . I I . 2 . 4
S 6 . 2 . . 2 4 1 1
Gy
5 7 . 2 1 1 . 4 .
g 8 I I 2 . . 4 .
g 9 . . I I . I I 4 —2
10 1 1 2 . . 4 .
1 . 2 2 4 I

Genotype a,B/a,BJa;b/a,b, representing a set of 6

number of distinguishable gametes

4 4 |4]2 8 214 4 4
gametic @B ab a,BaB a8 aba,B o,B a,b deficiency
formula ...;a;B a,b|a,b|ay,B a3B a,b | ayb a3b a;B divisor matrix
1 . . | S .2 3 I . 1
= 2 3 . . 3 . I .
8 3 . . I I I 3 -2 . .
s 4 I 2 . . 3 . —2 .
g 5 . 12 . 3 . . —2
S 6 . R S O 3 . . —2
B 9 . 2 I . 3 . . 2
3 8 I 2 . . 3 . 2 .
g 9 . . 1 I 1 3 2 .
10 I 2 . . 3 . —1
11 . 1 2 3 -1 1
Vol. 233. B. 1L


http://rstb.royalsocietypublishing.org/

Downloaded from rstb.royalsocietypublishing.org

80 R. A. FISHER ON THE THEORY

TasBLE 19
Genotype Ab/Ab’/aB/a’B, representing a set of g

. number of distinguishable gametes

I 2 2 4|2 1 4 2|2 1 4 2|4 4 4 4 2
gametic | AB Ab aB b |AB Ab oB ab |AB aB Ab b |AB Ab Ab B ab defciency
formula ...| AB Ab aB ab | Ab AY ab ab’ | aB 4B ab a’b| ab aB ab’ a'b a'¥’ divi matrix
i ivisor
1 . . . .2 . . .20, . . 8 . . . 12 1
o 2 6 6 . . . . . . . . . . . . . . r2 .
2 3 . . . 2 . . . 2 . . . .4 2 2 . 12 -2
g 4 2 . 4 2 4 . . . L. 12 .
E 5 2 4 2 4 12
o S 6 2 .. 4 4 2 12
< B 7 - S I T T 12
>_‘ >" g 8 2 . . .14 . 4 2 e e e e 12 .
[_‘ g 9 . . . . 2 . . . 2 . . . 4 . 2 2 . 12 2
O L 10 4 2 2 4 . .. .. .. 12 .
e - 1 S O S A - T, 12 -1
8] .
: 8 Genotype AB/ABJab/a’b’, representing a set of 18
— v number of distinguishable gametes

— 1 2 2 2 2|2 "1 2 2 2|1 2 2 2 2|1 1 2 2 2 2 2 2 2 2
SZ  gameic |AB b oB ab o Ab AB aB B ab | aB AB Ab Ab ab | ab o AB AB Ab Ab 4b Ab B aB
—9 formula ... AB Ab aB ab ab’ | A" Ab ab ab’ ab’ |a’B aB ab a’b a’b |a’b’ a’b ab ab’ aB ab’ a’B a'b’ a’b a'b’ ..
E'_ divisor
OE:) w I S . I . 4 - 6
nZ O 2 3 . . 3 e e e e e e e e 6
O% .§ 3 e e e B N . . I 1 . . . 1 . 1 6
= < g 4 .02 2 .1 e e e . 6
Tes 5 5 S e e e .2 2 . . 6
b= € 6 1 SN 2 2 6
s 7 1 . 1 2 2 . 6
L 8 1 I 2 . . . 6
S 9 T | 1 1 1 1 1 6
g 1o 1 2 2 . I ce e e e e o e e e . 6
I1 S A e e e R ) . 6

Genotype AB/AbjaB/a’b’, representing a set of 36

gametic formula
—A

,AB Ab Ab° aB a’'B ab a’b’ ab’ a’b | Ab AB AB aB a’'B aB a’'B ab a'b

e e .4

S T L
2 2 . . . . .|l2 6 2 2 4 2 . . 2
2

mode of formation
- 0W© O O LI B
N
N
[N

SOCIETY

b

gametic formula
A

THE ROYAL

aB AB AB Ab Ay Ab AV ab af | ab a AB AB AB AB Ab AV Ab Ay Ab AV Ab AV aB 4B aB JB
@B aB a'B ab a’t’ a’'b ab’ a'b a'b | db a'b ab a'b’ ab’ a'b aB a'B ab’ a'b o'B aB ab ab a'b ab’ 46 ab divisor
I 4 - ... O A 24
IR 2 e e e e e e e e e e e 24
2 3 I I I . . . . . . I . 1 3 1 1 2 . 1 .02 2 1 . 1 . 1 . 24
= 9 i 2 6 2 2 4 2 . . 2 e e e e e e e e e e e e e 24
E = |2 6 o4 e e e e ... 2 2 .. 2 . 2 2 ., 2 2 . . 2 24
) OQuws 7 2 2 6 2 . 2 4 2 . e e e e e e e e e e 24
) < O ; 8- B . . . . . . . . . . . . . . . . . . . . . . B . . 24
@) ‘2 29 I 1 I . . . . . . . 1 2 ., 2 2 1 3 . I 1 1 . I . I . 1 24
= < |10 . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
T II C4 e e e e e O A 24
[y
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OF LINKAGE IN POLYSOMIC INHERITANCE 81

When three genes are present at each locus, the only possible component of deficiency is
that common to the bisimplex and the biduplex digenic types and, in fact, the smallest of
the three sets trigenic at both loci in table 19 has a matrix deficient in this component. The
two remaining sets, of eighteen and thirty-six genotypes respectively, are not in any way
deficient, having gametic matrices of rank 11.

This is true also for the conjugate pair of sets of thirty-six genotypes having three genes
at one locus and four at the other (table 20). There are in this case seventy-eight different
kinds of gametes, but in respect of mode of formation these fall into only twenty-nine classes,
ten homogenic at the locus with four genes, and nineteen heterogenic. The first class is
produced only by modes of gamete formation 2, 4, 8, 10, and the second class by the re-
maining seven modes of gamete formation. The gametic matrix thus falls into two portions.
These gametic matrices are written out (table 20) for the genotype a, Bfa,B/a;b/a,b’; by
permutation of the four a-genes and the three -genes, the equivalent matrices may be found
for each of the thirty-six genotypes of the set.

TABLE 20
Genotype a,B/a,B/asb/a,b’, representing a set of 36

number of distinguishable gametes

-

2 2 4 2 2|4 2. 2 2 2
gamctic |48 &B ab 4b ab\aB ab B o8B ab
formula ...|a;B a;B ajb asb a3b’| ajb a b’ azb az;b’ azb’ divisor
“5"5 2 3 . . 3 . . . . g
oR 4 ) S . . . 2 . 2 . 1
B g 8 R N - 2 6
€8 10 1 2 2 . 1 6

r N

r ¢4 1 2 4 4 2 4 4 4 4 4 2 2 2 4 4 1 I
gametic (@B a\B B a,b a\b a\b asb|a\B 0,8 0B a\B a,B 0,8 0,8 a,b 0,b a,b asb a,b
formula ...\a;B a;B a,B ayb azb ab ab | ayh azh ab a4 16 ab ash ayb’ azb’ ajb’ ab’ azb’ divisor

1 1 . 4 . . I 6
o 3 1 . 11 1 ) S I 6
“5.*% 5 1 .2 1 . . 6
5 g 6 ) S 2 2 1 6
g g vi 11 . 2 . . 6
& 9 .1 . . . . . 1 . 1 . 11 . . 1 . . . 6
11 S, . . .4 . . . . . N | 6

In the case of the set of twenty-four genotypes having four genes at each locus, all eleven
modes of gamete formation are separate, so that the classification of the gametes supplies
a direct enumeration of the frequency of the corresponding modes of formation. It is,
however, exceptional for the experimenter to possess more than two allelomorphs of any
given factor, so that the opportunity of making up genotypes of this set must be for a long
while altogether unexpected.

6. THE ESTIMATION OF FREQUENCIES OF MODES OF GAMETE FORMATION

In disomic inheritance the backcross of a multiple heterozygote to a multiple recessive
allows the frequencies of the 2 gametic types to be estimated, subject to errors of random

sampling, in the first generation. Further, the 2-! pairs of complementary gametic types
11-2
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82 R. A. FISHER ON THE THEORY

recognized in this way arise by the 2/-1 possible modes of gamete formation. With polysomic
species it was seen that a second backcross generation suffices for the recognition of the
different gametic types, and therefore for the estimation of their frequencies, but only if all
the genes in the parent organism, at the loci tested, are distinct will it be possible to assign
these gametic types each uniquely to its own particular mode of formation. This would
require the use of four different allelomorphs at each locus with tetrasomic organisms, and
of six with hexasomics. ‘

A good many polysomic species are now known, and in these an increasing number of
factors are available for experimentation. It is, however, exceptional to possess more than
two genes at any one locus. In many cases perhaps no more than two genes exist. Infor-
mation as to the frequency of modes of gamete formation will in such cases be indirect, and
sometimes in some measure deficient. The statistical problem of utilizing such information
deserves consideration. ‘

The general nature of the statistical problem presented may be stated as follows: If

F=(fufots )

be a row matrix representing the unknown frequencies of the different modes of gamete
formation, having, for example, eleven components for tetrasomic organisms tested at two
loci, then

S+ttt =1
If, further, g =1{gu}

is the gametic matrix, specifying for each mode of formation, ¢, the frequency of the gametic
type, £, so that N
: gnt&nt&st...=1

for all values of 7, then if N gametes have been tested for the genotype in question, it follows
that ‘
G = Ng,

with the understanding that when several genotypes have been used, with different numbers
of gametes tested N, N', N”, ..., the matrix G will have columns, each with identification
symbol £, corresponding with all combinations of parental genotypes and gametic types
which need to be distinguished, and rows corresponding with the modes of gamete formation,
so that the sum of the elements in each row is

N+N+N"+ ...
Then the matrix equation FG=M
defines a row matrix M = (m),

specifying the expected numbers of all relevantly distinguished types of gamete.

The data provided by any experimental investigation will consist in the observed fre-
quencies a; of the same types of gamete, and the principle of maximum likelihood requires
that

2 @ logmy
E

should be maximized for variation of the components of F.
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A general method for solving equations of estimation which are multiple and non-linear
is to replace them by linear equations chosen so as to be consistent everywhere, and efficient
in the neighbourhood of a trial solution. Successive approximations will then usually give
adjustments of increasing relative precision as in Ne wton’s method of approximation. The
second approximation arrived at in this way will usually be fully cfficient in the sense that
the efficiency tends to 100 9, as the sample tested is increased.

The case to be considered presents certain peculiarities which may\be asource of confusion:

(i) the relative frequencies to be estimated are not independent,

(ii) the gametic matrix is usually such that an arbitrary frequency matrix, such as for
tetrasomic organisms ,
e, 0, —2¢, 0, 0, 0, 0, 0, 26, 0, —

may be added to F, without affecting any expectations.

For any method which may involve heavy computation it is most desirable that the dif-
ferent components should be treated symmetrically; for unknowns, however, connected by
a linear equation, the information matrix will contain infinite elements. This difficulty
may be overcome by introducing new symmetrical variables ;, defined by the relations

d d d
30, g~ Fag)
from which it can be seen that identically,
d
>36,~°
throughout the region 2fi=1.

Any value § may now be varied, keeping all others constant; the information matrix for
0 will be finite, though degenerate, as is the covariance matrix for f, which as will be seen may
be derived from it. :

The simplest treatment of the second difficulty is to choose one of the frequencies involved,
such as f};, to be zero in the trial solution and to ignore this variable. Confirmation that the
choice has been judicious is obtained if no other variate tends to zero on fitting to the data.
The arbitrary frequency matrix may then be subtracted from the solution for positive values
of ¢, up to that value for which either f, or f, vanishes.

Now, in the present problem,

0ﬁllog my, = f a(?n;’k sz 0f ’
but %nfﬁc = Gik>
and Ef Qf Zf

Hence the equations of maximum likelihood take the form

S 0. .05 Nf = o,
A my

and for any trial values the left-hand side represents the discrepancy from which a correction

can be obtained.
II-S
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Further, the typical term of the information matrix
s 1 dmy omy
% my, 00; 90,
. 1
is equal to ﬁﬁ%;ﬂ;Giijk—Nﬁﬁ, .

and these elements may be found from a table of f;Gy.

If any corresponding row and column of this information matrix be omitted the remaining
matrix is in general no longer degenerate and may be inverted to form the covariance
matrix of the remaining parameters 0, Multiplying each column of the covariance matrix
by the discrepancies corresponding with the rows, the adjustments 46, are obtained for an
improved solution. Using the relations

‘ Afz :f,-(AH,-—ZZf,-Zml-)

with the adjustments 46, so obtained, the corresponding adjustments 4f; follow, adding of
necessity to zero, for all values of 7. Thus the values 46, are each multiplied by f; and added
for all values for which 46, has been obtained. This general value is subtracted from 46,,
or from zero, and the difference multiplied by f;. Exactly the same process applied in succes-
sion to the rows and columns of the covariance matrix for ¢, produces that for f;, all rows and
columns in this latter case necessarily add to zero.

The procedure may now be exemplified using the simple case provided by a tetrasomic
plant having four genes at one locus and three at the other. Double reduction at the first
locus is now recognizable, and occurs in only four modes of gamete formation, these being
responsible for ten types of gamete. '

TaBLE 21. GAMETIC MATRIX FOR GAMETES SHOWING DOUBLE
REDUCTION AT THE FIRST LOCUS
Genotype a,B/a,Blasbja,b’. Invariant permutation group (a;a,); (asa,) (b6%); (aya,) (asa,) (b5)

number of distinguishable gametes

"2 2 4 2 2|4 2 2 2 2
gametic @B a;,B a,b f{‘*_b ab'\a,B a\b ayB a;B asb
formula ...|aB @3B ajb azb a3b’| ajb a)b’ azh azb’ azd’ divisor
38 =2 |3 . . 3 |. . . . . 6
1 I T R S R
£S 10 I o2 2 . 1 . 6

Suppose the frequencies observed in the ten classes showing double reduction at the

a locus to be N
1896161723822 . 4; S(a) = 66.
Let the four modes of gametic formation be (erroneously) guessed to have frequencies
422 3=11, F,.

Then the expected frequency for mode of formation ¢ and gametic class & is /:Gj, as shown
in table 22, the row of totals being the expectation vector M given by

my = Zﬁ Gy
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TABLE 22. EXPECTATION FOR EACH MODE OF FORMATION

2 12 . . 12 . . . . . . 24

4 2 . . . . 4 . 4 . 2 I2

8 . 2 . . . 4 2 . 4 . 12

10 3 6 6 . 3 . . . . . 18

total 17 8 6 12 3 8 2 4 4 2 | 66

B

Summing the squares and products of the rows, divided by the column totals, one obtains
the symmetrical 4 X 4 matrix:

—
< 20-47059 141176 g 2-11765 24
> - 1-41176 8:23529 2.0 0-35294 12
O : 2:0 85 15 12
cﬁ E -2-11765 0-35294 1-5 14-02941 18
O From each term is now deducted the product of the margins divided by 66, giving the
E g simply degenerate matrix, which is the information matrix of the 6;:
1174332  —2-95188 —4-36364 —4-42780
I —2-95188 6-05348 —0-18182 —2-91978
o —4-36364 —0-18182 6-31819 —1-77273
—4-42780 —2-91978 —1-77273 9-12031

Omitting any corresponding row and column, this may be read as the information matrix
for the remaining adjustments 46;. Thus, omitting the fourth row and column and inverting
the matrix, it is seen that Jj is

PHILOSOPHICAL
TRANSACTIONS
OF

0-1395922 0-0710268 0-0984529
Ve - 0-0710268 0-2014768 0-0548524
0-0984529 0-0548524 0-2278479
the covariance matrix of these variables.
To find the discrepancies between the values proposed and those required by the obser-
vations, the expected frequencies are expressed as fractions of the totals m,, asin the following
table, and are then multiplied by ¢, and summed for columns, with a marginal deduction

of 66, as shown in the final column:
fi discrepancy

0-7058823 . . 1-0 . . : . . . 0-36 4705882

0-1176471 . . . . 0-5 . 1-0 . 10 | 018  —1-382353
- L 025 . . . 05 10 . 1-0 . 0-18  —2:250000

0-1764706 075 1.0 . 10 . . . . . 027  —1-073529
@ ’ 1-00 0

— The first three of these discrepancies, multiplied by the rows of the covariance matrix
; > V;, give the required adjustments
o 46,  +0-3372031
40 —0-0676862
- 40 4
= 0 40,  —01251754
m O - _ 46,, 0
E O whence may be calculated Af, = f(46,—-5f,46)),
so that
Zf, 46, 0-0875529
4f, 00907812
AF Af, —0-0282253
0 Af, —0-0386779
Af1o —0-0238781

adding necessarily to zero.

PHILOSOPHICAL
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Since the corrections are somewhat large the process should be repeated, using the
improved expectations

Then the second expectations are
14-995 . . 14-995 . . . . . . 29-990
1-690 . . . . 3-379 . 3-379 . 1-690 10-138
. 1-575 . . . 3-149 1-575 . 3-149 . 9-448
2-737 5-475 5-475 . 2-737 . . . . 16-424

19422  7-050 5475 14-995  2.737  6-528 15675 3379  3-149 1-690 66-000

yielding the discrepancies

fi discrepancy
0-7720626 . . 10 . . . . . . 0-4543939  —0-092873
0-0870147 . . . 05176164 . 10 . 10 | 0-1536061 0-051579

. 0~22f>;4043 . . . 04823836 10 . 1.0 . 0-1431515 —0-060676
0-1409227 0-7765957 1-0 . 1-0 . . . . 0-2488485 0-101970

of which the largest is little more than one-fiftieth of the largest of the first series. The approxi-
mation is now sufficiently good for the information matrix to indicate the true precision of
each estimate. The new information matrix is

12-94480 —3-30186 —4-29311 —5-34983
—3-30186 5-40783 0-17870 —2-28467
—4-29311 0-17870 5-24239 —1-10798
—5-34983 —2-28467 —1-10798 8-76248

Omitting the first row and column and inverting, the covariance matrix of 6,, f; and 0,

is found to be

0-2079206 0-0047176 0-0548178
Vo 0-0047073 0-1962931 0-0264958
0-0548178 0-0264958 0-1318265

and, by the transformation explained above, the covariance matrix for the estimated
components of ¥

0-0048268 —0-0015967 —0-0007831 —0-0024470

% —0-0015967 0-0032748 —0-0011783 —0-0004998
7 —0-0007831 —0-0011783 0-0030501 —0-0010887
—0-0024470 —0-0004998 —0-0010877 0-0040355

Similarly, the new V), applied to the discrepancies, yields the second adjustments A4/

—0-0021935
0-0017206
—0-0019745
0-0024474

AF,

leading to the final estimates, to which may be appended standard errors from ¥}

£, 04522 +0-0695

P 01553+ 0-0572
2 f 01412%0-0552
o 0-2513%0-0635

If, however, one is concerned to estimate the absolute frequencies of these four modes of
gamete formation, and if N gametes in all had been tested, the estimates obtained above
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would be multiplied by 66/N. The covariance matrix V; should then be multiplied by
(66/N)2, but before doing this a second component

1 1)\,
| (56~ 5)7
should be added to take account of the sampling variance of the number of gametes out

of N, ascribed to these four modes of formation. More frequently, however, the precision
of all modes of formation will be obtained in a single covariance matrix.
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